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1 Introduction 



Stochastic nonlinear wave equations play an important role in describing the propagation of 
waves in certain systems or media, such as atmosphere, oceans, sonic booms, traffic flows, optic 
devices and quantum fields, when random fluctuations are taken into account (0 [TUl E2J [271 
EH EH)- They have been studied recently by a number of authors(see [7J [TH O EH EHl [35] ) ■ 
For some wave systems on bounded domains, noise may affect the system evolution through the 
boundary in terms of random boundary conditions. Dirichlet, Neumann and Robin boundary 
conditions are static boundary conditions, because they are not involved with time derivatives 
of the system state variables. On the contrary, dynamical boundary conditions contain time 
derivatives of the system state variables and arise in many physical problems (|16 } 117 1 128|). 

In this paper, we investigate a singularly perturbed stochastic nonlinear wave equation with 
a random dynamical boundary condition 



Here u £ (x, t) is the unknown wave amplitude, e is a small positive singular perturbation param- 
eter (0 < £ <C 1), and the power exponent a is in [1/2, 1) or (1, +oo). Moreover, W\ and W2 are 
two independent Wiener processes, which will be specified in details in the next section. The 
symbol ^ denotes the unit outer normal derivative on the boundary dD of a bounded domain 
D in M 3 . Note that 5f is the outer normal derivative of u e on the boundary. We often write 
u e (x,t) as u £ {t). In particular, in this paper we will only concern with the case of the nonlinear 
term f{u £ ) = sinu e (the Sine-Gordon equation). 

The system (jl.ip arises in the modeling of gas dynamics in an open bounded domain D, with 
points on boundary acting like a spring reacting to the excess pressure of the gas (see [24|). Chen 
and Zhang |6j studied the long time behavior of the solutions of the system (jl.ip without the 
singular perturbation parameter. Also Chen, Duan and Zhang [7] derived the effective dynamics 
of the system (jl.ip on a bounded domain perforated with small holes. For the deterministic case 
of the system (|1.1|) , Beale [TJ [2] and Mugnolo [26J established the well-posedness in some special 
cases. Cousin, Frota and Larkin |12j studied the global solvability and asymptotic behavior. 
Frigeri [15] considered large time dynamical behavior. 

The singular perturbation issues of wave equations have been studied extensively. On the 
one hand, for a deterministic wave equation with a static boundary condition, Hale and Raugel 
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|18| and Mora |23j studied the approximation as the perturbation parameter e goes to zero. 
For deterministic wave equations with dynamical boundary conditions, Rodriguez-Bernal and 
Zuazua [291 GO] an d Popsescu and Rodriguez-Bernal [28] considered the singular limiting equa- 
tions. On the other hand, for stochastic wave equations with homogeneous boundary conditions, 
Cerrai and Freidlin [3J0], Lv, Roberts and Wang [21], [22l [32J [33] investigated the approximation 
as the perturbation parameter e goes to zero. 

In the present paper, we investigate the singular perturbations of the stochastic wave equation 
with random dynamical boundary conditions. Our goal is to derive the approximating equation 
of the system for sufficiently small parameter e. There are two key points to achieve this 
goal: The first is to establish the tightness of the solutions, and the second is to construct the 
approximating equation of the system (jl.ip . 

For the first key point, the tightness of solutions for the system (jl.ip heavily depends on 
the almost sure boundedness of the solutions, independent of the parameter e. However, since 
the parameter e disturbs the system (jl.ip . it is difficult to derive the almost sure boundedness 
independent of e. As showing in Chen and Zhang [6], the classic energy relation of this stochastic 
system (|1.1|) does not directly imply the a priori estimate of the solutions. Meanwhile, as we will 
see, the pseudo energy argument especially proposed in Chow [11] and Chen and Zhang |6j for 
stochastic wave equations also does not lead to the a priori estimate of the solutions. Therefore, 
for the system (jl.ip . we will explore a new way to establish the a priori estimate of solutions. By 
applying the a priori estimate, we could then obtain the global well-posedness and the almost 
sure boundedness independent of e, which further implies the tightness of the solutions. 

For the second key point, we use a splitting skill to construct the approximating equation. 
Firstly, we split the solution of the system (jl.ip into three parts: the solution of a linear random 
ordinary differential equation (RODE), the solution of a random partial differential equation 
(RPDE), and the solution of a linear stochastic ordinary differential equation (SODE). Then 
we analyze their respective approximations for sufficiently small e. Finally, we derive the ap- 
proximating equation of the system (jl.ip for the sufficiently small e in the sense of probability 
distribution, which is a stochastic parabolic equation with a dynamical boundary condition 
for a G [1/2,1), and a deterministic wave equation with a dynamical boundary condition for 
a e (1, +00). 

We especially remark that the power exponent (of the singular perturbation parameter), a, 
is in the set [1/2, 1) U (l,+oo). The case of < a < 1/2 is not covered in our results, as the 
condition of a > 1/2 plays two crucial roles in our work: One is in deriving the a priori estimate 
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of solutions for the system (see Proposition 3.2), and the other is in deriving the almost 

sure boundedness of solutions for the split linear stochastic ordinary differential equation (see 
the proof of Theorem 4.1). In addition, for the case of a = 1, in analyzing the approximation 
of the decomposition of the system (jl.ip (see the proof of Theorem 4.1), there is no difference 
of convergence velocity between 0{e) and 0(e a ) as e tends to zero, which means that the final 
approximating equation of the system (jl.ip is just itself. 

This paper is organized as follows. In the next section, we present preliminary results 
including the local well-posedness of the system (jl.ip (Proposition 2.1). In section 3, we first 
derive the pseudo energy relation of the system (jl.ip (Proposition 3.1), which implies certain 
estimates, independent of e, for one part of the solution of the system (jl.ip (Remark 3.2). With 
the help of these estimates, we establish the estimates, independent of e, for the other parts of 
the solution of the system (jl.ip (Proposition 3.4). All the a priori estimates for the solution 
play an important role in proving the global well-posedness (Proposition 3.5), the almost sure 
boundedness (Remark 3.3) and the tightness (Proposition 3.8). In section 4, we examine the 
solution as decomposed into three parts (Proposition 4.1), and further derive the approximating 
equation of the system (jl.ip . in the sense of probability distribution (Theorem 4.1). 

2 Preliminaries 

Consider the Wiener processes W\{t) and W2(t), defined on a complete probability space 
(Q,J-,F) with a filtration {J-t}t€R, an d two-sided in time with values in L 2 (D) and L 2 (dD), 
respectively. Further assume that W\{t) and are independent and that their covariance 

operators, Qi and Q2, are symmetric nonnegative operators, satisfying TrQi < +00 and TrQi < 
+00. Their expansions are given as follows 



where {ej}j g N is an orthonormal basis of L 2 (D), and 7 is the trace operator from D to dD. 
Moreover, {/3ii}ieN an d {/52i}ieN are two sequences of mutually independent (two-sided in time) 
standard scalar Wiener processes in the probability space (O, J 7 , P). 
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Then the system can be written in the ltd form as follows 



du £ = v £ dt in D, 

dv £ = (i A u £ - \u £ - \v £ + i sinu £ )(ft + e " 1 ^ in D, 

dfl« = 9 £ dt ondD, 

d9 £ = {-\6 £ - \5 £ - \v £ )dt + e a ~ 1 dW 2 on dD, 

6f = ^ ondD, 
{ u £ (0) = u ,v £ (0) = v = Ul ,5 £ (0) = 5 ,e £ (0) = 6 = ft. 



(2.1) 



Now we define 
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Let £7 e := (u £ , v £ , 5 £ , 9 £ ) T be in the Hilbert space 



U := {U £ £ HHD) x L 2 (D) x L 2 (d£>) x L 2 (dD)\ ^- 



with norm 



I £ ll 2 L I 

\ u WlP-ip) "+~ F llL 2 (D) 



£ l|2 j_|IA e ll 2 _L llfl e ll 2 

+ 11° \\L 2 (dD) + lr llx,2(ax))- 



(2.2) 



Here and hereafter, the superscript "T" denotes the transpose for a matrix. 

Thus the system (|2.ip is further rewritten as 

f d£/ e = A e t/ £ dt + F £ (U £ )dt + e a ~ x dW{t), 
\ U £ (0) = U £ = (uo,v ,5 ,8 ) T . 

For the Cauchy problem (12. 2p . it follows from Frigeri [15] that the operator A e generates a 
strongly continuous semigroup S(t) = e for i > on H. Then Equation (|2.2p can be formu- 
lated in the mild sense 

U £ (t) = S{t)U £ (0) + [ S{t-s)F £ {U £ {s))ds+ [ S{t- s)e a - 1 dW(s). (2.3) 
Jo Jo 

Proposition 2.1 (Local well-posedness) Let the initial datum U £ (0) be a To-measurable 
random variable with value in%. Then the Cauchy problem \2. S\) has a unique local mild solution 
U £ (t) in C([0,T*),7i), where t* is a stopping time depending on U £ (0) anduj. Moreover, the 
mild solution U £ (t) is also a weak solution in the following sense 



(U £ (t),<f > ) H = (U £ (0), ( j ) ) H + / (A £ U £ (s),<j ) ) n ds+ / {F £ {U £ {s)),<f ) )Hds+ / (e«- l dW(s) 



for any t £ [0, r*) and (ft £ T~L. 



(2.4) 



Using the cut-off function method and combining with Theorem 7.4 and the stochastic Fubini 
theorem in [13], we can prove Proposition 2.1. Please refer to Chen and Zhang [6 . 
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3 Boundedness and tightness 



In this section, we will establish the almost sure boundedness independent of the parameter 
e and the tightness of solutions for the system (jl.ip . Due to the singular perturbation in the 
system (jl.ip . the classic energy method and the pseudo energy method does not directly imply 
the almost sure boundedness, independent of the parameter e, of solutions. We will explore a 
new way to do it. 

For a real parameter r in (0, 1), we define 

vl = v £ + ru £ and 9 £ = 9 £ + rS E , (3.1) 

with (u £ , v £ , 5 £ ,9 £ ) T being the solution of the Cauchy problem (|2.ip . Then U £ = (u £ ,v £ ,S £ , 9 £ ) T G 
% satisfies the following equation 

du £ = (v £ — ru £ )dt in D x [0, r*), 

dv £ = (i Au £ - i(l -r + er 2 )u £ - \{l - er)v £ + \smu £ )dt + e a ~ l dWi{t) in D x [0,r*) 5 

d,5 e = (06 _ on QD x [0,r*), 

d0£ = (-1(1 - er)9 £ - 1(1 _ r + er 2 )5 £ - \v% + r -u £ )dt + e a ~ 1 dW 2 (t) on <9L> x [0, r*), 

<5f = ^ on9Dx[0,r*), 



it £ (0) = n , v £ (0) = v + ru := v r0 , 
5 £ (0) = 5 ,9 £ (0) = 0o + r5 := 9 r0 . 



(3.2) 



Define a pseudo energy functional £ £ {t) for the Cauchy problem (|2.2p as follows 

£ £ (t) := e|k £ (i)||i 2(D) + || V ^(OI^d) + (1 - r + er 2 )K(i)|| 2 2(D) 

+4W)\\h{8D) + 0--r + zr 2 )\\8 £ (t)\\l 2{dD) + 4|| cos ^||| 2(D) 
+2r{u £ (t),5 £ (t)) L 2 {dD) . 

Proposition 3.1 (Pseudo energy equation) Let the initial datum U £ (0) be a To- 
measurable random variable in L 2 (Q,T-L). Then for any time t £ [0, r*), we have 

8 £ .{t) = £ £ (0) - £[2(1 - er)\\v £ \\ 2 L 2 {D) + 2r\\ V u%* {D) + 2(1 - r + er 2 )r\\u £ \\ 2 L2(D) 
+2(1 - er)\\9 £ r \\ 2 LHdD) + 2(1 - r + er 2 )r\\5 £ \\ 2 L2{dD) ]ds 

+2r f \u £ , smu £ ) L 2( D) ds + 4r f (u e ,9 £ ) L 2 {dD) ds - 4r 2 f \u £ , 8 £ ) L 2 {dD) ds (3-3) 
+ / c ;(2<,e^^ 1 ( S )) L2(D) + / t (2^,^ ( iW 2 ( S )) i2(9D) 



Moreover, 



E£ £ (t) = E£ £ (0) - £[2(1 - er)EK[|! a(I?) + 2rE[| V u £ \\ 2 L 2 {D) 
+2(1 _ r + er 2 )rE|H| 2 2(fl) + 2(1 - er)E\\6 £ \\ 2 L 2 {dD) 
+2(l-r + er 2 )rE||<5 £ || 2 2(9D) ](i S + 2r f*E(u E , sin u £ ) L 2 (D) ds (3.4) 
+4r /* E(u £ , e £ ) L 2 [dD) ds - 4r 2 jj E(u £ , 5 £ > L2(9D) d S 
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Proof. Firstly, we examine the second equation of (|3.2p . Set M(vf) := J D \v £ \ 2 dx. Then 
from the ltd formula, we deduce that 

M(v°{t)) = M«(0)) + ((M'^^WiW^j,) 
+ / *iTr[M"(^)(e Q - 1 Q 1 )5( e °-iQf)*]ds 

+ /*(M' (u«), (j Au £ - j(l - r + er 2 )u £ - |(1 - er)t£ + ± sinu £ )) L 2 (D) ds, 

(3.5) 

with M'(v £ ) = 2u £ and M"(v 6 ) = 2ip for any (p in L 2 (D). After some calculations, we conclude 
that 



{M'(v £ r ), (i A u £ - 1(1 - r + er 2 )-u £ - 1(1 - er)< + § sinn e )) L 2 (D) 
- ri " V n £ || 2 2fD , + 1(1 - r + er 2 )|H| 2 + *n — «^H2 



— "SL^II V " llL2 (D ) -r ~\± ~ ' -ra ^11"- || L 2( D) -r -||COS T n L 2 (D)J 

-[fll V f + f ■ (1 - r + er 2 ) • r|K|| 2 2(0) + f (1 - er)\\v £ \\h {D) ] 

+ f « ' f£ > L 2 + f « Sin U ") ^ (D) ■ 
It further follows from (13.51) and (13.61) that 



(3.6) 



KWIII-W + IH V *(t)\\bw + I • (1 - r + sr 2 )K(*)l&p) + fll cos ^||| 2(D) 
= K(0)ll! 2(D) + ill V « e (0)||£ a(D) + 1 • (1 - r + er 2 )K(0)|| 2 2(D) + f|| cos ^|| 2 2(D) 
- Jo " ^IKIII^p) + fll V u £ ||i 2(03 + f (1 - r + er 2 )r|H| 2 2(D) ]d S 

+ \ So ( V r ' f£ ) (SU) ds + f Jo fa* ' Sin n£ ) ^ 2 CD) ds 

+ £(2<, e a - 1 d^ 1 ( S )) L2(D) +e 2a - 2 TrQ 1 • t. 

(3.7) 

Secondly, we examine the fourth equation of fl32|). Set M{6f) ■= J QD \9 £ r \ 2 dx. Note that 

M(9 £ (t)) = M{e £ {Q))+!l{M\e%E«-HW 2 {s))v [dD) 

+ / * \Tr[M"(9 £ )(e a - l Q 2 ) 1 2{e a ~ l Q\y]d S (3.8) 
+ J '(M'(^), (-1(1 - er)9 £ - 1(1 - r + er 2 )^ - i< + §« e )> L 2 (SD) (fe, 

with M'(9 £ ) = 29 s . and M"(9 £ ) = 20 for any in L 2 (dD). After some calculations, we obtain 
that 

(M'(^), (-1(1 - er)^ - 1(1 - r + er 2 )^ - 1< + §u £ )) L2(0D) 

~ r + ^ 2 )sll^lli 2 ( 8D ) - I ■ (! " r + er 2 )r\m\l HdD) ~ U 1 ~ ^II^m,) (3-9) 

_ i("^")' u r)i 2 (9I5) - ~f 1 v r) L 2 (dD) + T^r; u£ )l 2 (8D)- 
Then it follows from (EEL and (ES) that 



\\m\\h idD) + H^-r + er 2 )\\5 £ (t)\\ 2 L2{dD) 
\\°%ml HdD) + Hl-r + er 2 W(0)\\ 2 L2{dD) 

~ Jo[f(l - ^)ll^|ll 2(9D) + | • (1 - r + er 2 )r||^|| 2 L2( ^ ) ]d S (3.10) 
~i Jo v r)L 2 (dD)ds - f J * (<5 e , v^) L 2 i9D) ds + 2p / o *(0£, u £ ) L2{dD) ds 
+ j t Q {29 £ ,e a - 1 dW 2 {s)) L 2 {aD) +e 2a - 2 TrQ 2 -t. 
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Thus, from (|3.7j) and (|3.1l)p . we have 

H(t)\\h (D) + ill V vFWWbiD) + Kl - r + er 2 )\\u £ (t)\\ 2 L2{D) + ||^(i)||| 2(ai3) 
- r + er"W(t)\\l 2{dD) + j || cos^||| 2(i3) 
= IK(0)||| 2(D) + i|| V ^(0)||1 2(D) + J(l - r + er 2 )||n e (0)||| 2(D) + ||0 £ (O)||| 2(aD) 
+ i(l-r + ^)||^(0)||| 2(aD) + f||cos^||| 2(D) 

" Sim ~ er)K\?»w + f II V u% 2(D) + | - (1 - r + £ r>||,/||i 2(D) (3.11) 

+f(l " Er)ll^ll^ (fl2 ,) + § • (1 - r + er 2 )r||^||2 2(aD) ]^ 

+T Jo ( n£ ' sinn e ) L 2 (D) (is - 2c /„* (5 £ , v £ ) L2{dD) ds + 2p jj(0£, u £ ) L 2 {dD) ds 

+ ft{2v £ r ,e a - 1 dW 1 (s)) L 2 (D) + / t (2^,£ Q - 1 d^ 2 ( S )) L2(aD) 

+e 2 "- 2 TrQ 1 • t + e 2a - 2 TrQ 2 ■ t. 

Meanwhile, we observe that 

(u £ (t),5 £ (t)) L 2 (dD) 
= (u £ (0),5 £ (0)) L 2 (dD) + Ji((u £ ) s ,5 £ ) L 2 (dD) ds + f*(u £ , (S £ ) s ) L 2 {9D) ds 
= {u £ (0),5 £ (0)) L 2 {dD) + Jq(v £ ,5 £ ) L 2 {dD) ds + Jq{u £ ,9 £ ) L 2 {dD) ds 
= (u £ (0),5 £ (0)) L 2 (dD) +f*(v £ -ru £ ,5 £ ) L 2 idD) ds + f i ! ) (u £ ,9 £ -r5 £ ) L 2 {dD) ds 
= {u £ (0),5 £ (0)) L 2 (dD) + $l(v e r ,8 s ) L 2( dD) ds + J *(u £ ,^) L 2 (ai)) ds 

-2r Jl(u e ,8 e ) L 2( dD) ds, 

which implies that 

~T Io( V r^ £ )L' 2 (dD)ds 

-^{u^t) } 5 £ {t)) L 2 [dD) + 2 f (u £ (0),5 £ (0)) L 2 (dD) + f ti(u £ ,6 £ } L 2 idD) ds (3.12) 

Hence, it follows from ([3TTT]) and (fXT2"D that ([331) and ([331) hold. ■ 

Proposition 3.2 Let a G [1/2,1) U (l,+oo). Assume that the initial datum U £ (0) is a 
J- o -measurable random variable in L 2 {il,'H). Then for any time t G [0,r*) ; e G (0,1/2) and a 
sufficiently small r G (0, 1/2), there exists a positive constant C , independent of the parameter 
e, such that 

^[£E||^|| 2 2(fl) + E|| V ^lli 2(D) + n\u% 2{D) + eE||^|| 2 2(9D) + E||^|| 2 2(9D) ] 
< -C[eE\\v £ \\ 2 L 2 {D) +E|| V u £ \\ 2 L2(D) +E\\u £ \\ 2 LHD) + eE\\9 £ \\ 2 L2{dD) + E||,5 £ || 2 2(9D) ] (3.13) 
+C[TrQ 1 + TrQ 2 + l}. 



Proof. On the one hand, it follows from the Cauchy inequality and the trace inequality 
that there exists a positive constant Cti > (here and hereafter Cti denotes the positive 
constant in the trace inequality) such that 

<rE||^(t)|| 2 2(9D) + 2rE(^(t),^(t)) L2(913) +rE|| ( 5 e (t)|| 2 2(9D) 
< rC TI E\\u*(t)\\ 2 Hl{D) + 2rE(u £ (t) 1 8 £ (t)) L 2 [dD) + rE||<5 £ (t)|| 2 2(9D) , 
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which implies that 



E£m > eE\\v° r (t)\\h(D) +0-- rC h)n V tf{t)f L2{D) 



+ (1 _ r _ rC ^ + er 2 )E||^(t)||| 2(D) + eE\\0}(t)\\hvD) (3-14) 
+ (l-2r + er 2 )E||5(t)||| 2(9D) . 

On the other hand, by the Holder inequality, the Young inequality and the trace inequality, 
we obtain that 



E(u £ ,6 e r ) L 2( dD) < E||u £ || L 2 (aD ) •E||^|| L 2 (aD ) 

< rE||u £ || L 2( a£ )) + frM\Qr\\L2(dD) 

< rC TI E\\u e \\ Hl ^ + 4fE||0£|| i2 ( aD ^ 



which implies that 

4rE(n £ ,^) L2(9D) < 4r 2 C 2 / E|| V ^||| 2(I?) + 4r 2 C 2 7 E||u £ || 2 2(D) + E||0 r l 2 2(aD) . (3.15) 

At the same time, it follows from the Cauchy inequality and the trace inequality that 

-Ar 2 E(u £ ,5 £ ) L 2 {dD) < 2r 2 E||n £ || 2 2(aD) +2r 2 E||5 £ || 2 2(aD) 

< 2r 2 C 2 7 E|| y u £ \\ 2 L 2 (D) + 2r 2 C 2 / E||u e || 2 + 2r 2 E||5 e || 2 2 



(D) ^ T /^||u, ||£2(£))-r*" ^ir IIL 2 (9D)- 

(3.16) 



Also the Cauchy inequality leads to 



(3.17) 



2rE(tt £ ,sinu £ ) L 2( i: ,) < rE||« E || 2 2 , D s + rE|| sinu £ \\ 2 L 2^ 
< rE||n e || 2 2(D) +C. 

Then it follows from Proposition 3.1 and (j3. 15|) - ()3. 17|) that 

E£t{t) < E^(0) - 02(1 - er)E\\v% 2{D) + 2r(l - SrC^EH V ^|| 2 2(D) 
+r \l-2r-§rC 2 TI + 2erZ]E\\u% 2{D) 



[1 - 2er)E||^ || 2 2(9D) + 2r(l - 2r + er 2 )E\\5% 2{QD) ]d 



+£ 2a-l Tr Q i . t + £ 2a-l Tr g 2 . f + Cf 

For e G (0, 1/2), choose r in (0, 1/2) sufficiently small such that 

min{l - 3rCf /; 1 - r - rC| 7 + er 2 , 1 - 2r - 6rCfj + 2er 2 , 1 - 2r + er 2 } > 0. (3.19) 

Then 

2(1 - er) > e, and 1 - 2er > e. (3.20) 
Furthermore, noticing that a G [1/2, 1) U(l> we have 

< e 2 "" 1 < 1. (3.21) 

Therefore, from (|3.14|) . (j3.18|) - f)3.21|) . there exists a positive constant C independent of the 

parameter e such that (|3.13p holds. ■ 
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Proposition 3.3 Let a £ [1/2, l)U(l,+oo) and e £ (0, 1/2). Assume that the initial datum 
U £ (0) is a J-q -measurable random variable in L 2 ($7,%). Then there exists a positive constant C 
independent of the parameter e such that 

;rIE||^||i 2(jD) ^lE|| XZ^Ni^t^) -K IE 1 1 ^ e 1 1 i 2 + elE 1 1 ^ 1 1 ^ 2 (ez;)) + IE 1 1 ^ e 1 1 ^ 2 (0z;>) < C,Vi £ [0,r*). (3.22) 

Proposition 3.3 is easily deduced from the Gronwall inequality and Proposition 3.2. 

Remark 3.1 From Frigeri fTSf . for r £ (0,1/2), E||C/^||^ > ^E||C/ £ ||^. Therefore, if we 
obtain the almost sure boundedness ofU £ in%, we naturally derive the almost sure boundedness 
of U £ in %. But from Proposition 3.3, since the parameter e disturbs the system fZHP , we 
can not use the pseudo energy method to directly derive the almost sure boundedness, while this 
method is effective for wave equations without the singular parameter e (see Chen and Zhang 

m 

Remark 3.2 Although Proposition 3.3 does not implies the almost sure boundedness ofU £ 
in H, we can obtain that under the condition of Proposition 3.3, there exists a positive constant 
C independent of the parameter e such that 

E||v« e |l! 2(D) <C, E|K||2 2(D) < C, E\\5 £ \\ 2 LHdD) <C, Vt€[0,r*). (3.23) 

In the following, we will continue to derive the almost sure boundedness of the solution for 
the Cauchy problem (|2.2|) . 

Proposition 3.4 Let a £ [1/2, 1)U(1, +oo) and e £ (0,1/2). Assume that the initial datum 
U £ (0) is a T^-measurable random variable in L 2 (Q,H). Then there exists a positive constant C 
independent of the parameter e such that 

E\\v £ \\ 2 LHD) <c, n\e% 2(dD) < c, Vie[o,r*). (3.24) 

Proof. Set M(v £ (t)) = J D \v £ (t)\ 2 dx. For the second equation of (|2.ip . from the Ito for- 
mula, we get 

M(v £ (t)) = M(v £ (0)) + ti(M>(v £ ),e a - 1 dW 1 (s)} L 2 (D) 

+ fl (M'(v £ ), (| A u £ - \u £ ~±v £ +J S mu £ )) L 2 {D) ds (3.25) 

+ J * \ Tr [M" (v e )(e a - l Qi)^(e a - l Q\)*}ds, 
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with M'(y £ ) = 2v £ and M"(v £ ) = 2ip for any (p in L 2 (D). Thus we deduce that 

(M'(v £ ), (± A u e - \u £ -\v £ + \ wxu e ))^ D) 
= -still V« e |li2 (D) + |Klll 2(D) + |||cos^||2 2p) ] (3.26) 

It immediately follows from (|3.25p and (13. 26ft that 

\\v £ {t)\\h {D) + \\\ V ^(t)ll| 2(0) + \\\u*{t)\\h {D) + f II cos ^\\1* {D) 
= ll^Wlli,^ + III V^(0)[|i 2(jD) -h J||^(0)[|i 2CjD) + fllcosHfXoin^^ 

-l!l\\nh {D) ds+u> £ ^)^a D) ds 

+ ! t Q (2v^e a - l dW l {s)) L 2 {D) +e 2a ~ 2 TrQ l -t. 



(3.27) 



Secondly, noticing that the fourth equation of (|2,ip and putting M{9 £ ) = j QD \9 £ \ 2 dx, using 
the Ito formula, we have 

M(6 e (t)) = M{ei) + S t Q (M'{e%e<*-HW 2 {s)) L . {dD) 

+ H{M'{e% {-\9 £ - \F - \v s )) L , [dD) ds (3.28) 

+ j t Q \Tr[M''{e%e a - 1 Ql){e^Qly\ds, 

with M'{9 £ ) = 26 £ and M"(9 £ ) = 2(f) for any in L 2 {dD). After some further calculation, we 
conclude that 

_ 1 d ||re||2 2||/je||2 2/<9« e „,e\ n (d.2yj 

Thus, by (I3T28D and (l339|) . 

\\nt)\\i HdD) +»(t)\\h idD) 
= \\no)\\l H9D) + §r wiii^ - § £ irii!w s - f /o^>^W s ( 3 - 3 °) 

+ / *(2r,e«- 1 ( i^ 2 ( S )) L 2 (9D) + £ 2a-2 Tr g 2 . t 

Then it follows from (l3T2Tjl and (pIBH that 

Mv £ (t)\\i HD) +n\m\\h im + in v ^wni 2(D) + ±EK(t)ii| 2(0) 

+^||«5 £ (t)||| 2(9D) + fE||c OS ^||| 2(D) 
= E||^(0)||| 2(D) +E||r(0)||| 2(ai5) + ±E|| V « £ (0)||| 2(D) + iE||^(0)||| 2(D) 
+ iE||^(0)||i 2(eD) + fE||cos«||i 2(D) 

-iJjtEKii^+Eni^]^ 

+£ 2a-2 Tr g i . t + £ 2a-2 Tr Q 2 . ^ 

which implies that 

„emil2 , TW\\nefj-\ II 2 



E|b £ (i)lli 2(D )+E||^ w „ L2(9D) 
< E||^(0)||| 2(o) +E||0 e (O)||2 2(SD) + 1E|| V « e (0)||| 2(D) + ±E|K(0)||| 2(D) 
+ iE||<5 £ (0)||i 2(eD) + fE||cos«||i 2(D) 

-Uo[nv% HD) +nm\h {dD) ]ds 

+£ 2a-2 Tr Q i . t + £ 2a-2 Tr Q 2 . £ 
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Therefore, we have 

&m\*mbiD)+nm\\b m ] ^ 

< -l[E\\v% 2(D) + E\\e% 2{aD) ] + e^TrQ, + e 2 - 2 TrQ 2 . [6 ' 6i) 

By the Gronwall inequality, and noticing that a G [1/2, 1) U (1, +oo) and e G (0, 1/2), it follows 
from (|3.31|) that for arbitrary t £ [0, r*), 

< m*(o)\\b<p) +no E m\b {aD) \^ + i^ttQi+^ttq*) ■ a - e -t) 

< [E||^(0)||| 2(I3) +E||^(0)||2 2(9i3) ] + |( £ 2a-l Tr Q 1+e 2a- lrrQ2) ' > 

< [M\\v%0)\\b {D) +nO E (0)\\l HdD) ] + \(TrQ l+ TrQ 2 ). 

This completes the proof of Proposition 3.4. ■ 

Proposition 3.5 Let a G [1/2,1) U (l,+oo) and e G (0,1/2). Assume that the initial 
datum U £ (0) is a J-Q-measurable random variable in L 2 (Q,,T-L). Then the solution U £ {t) of the 
Cauchy problem \2. 2\) globally exists in T~L, i.e. r* = +oo almost surely. 

From Proposition 2.1, Remark 3.2 and Proposition 3.4, using the Borel-Cantelli lemma, we 
easily obtain Proposition 3.5. 

Remark 3.3 (Almost sure boundedness) From Remark 3.2, Proposition 3.4 and Propo- 
sition 3.5, we know that the global solution U £ {t) of the Cauchy problem \2. 2\) is bounded in H 
almost surely. 

Introduce another space 

£ := {U £ G H 2 (D) x H l (D) x H^ 2 {dD) x H l ' 2 (dD)\ ^ = £ on 3D}. 

Proposition 3.7 Let a G [1/2, 1) (J(l, +oo) and e G (0,1/2). Assume that the initial 
datum U £ (0) is a J-q -measurable random variable in L 2 {VL,Y>). Then the global solution U £ (t) of 
the Cauchy problem \2. 2]) is also bounded in £ almost surely. 

Using a similar process for proving the almost sure boundedness of the solution for the 
Cauchy problem (|2.2p in %, we can prove Proposition 3.7. It is omitted here. 

We now establish the tightness of solutions for the system (jl.ip . To begin with it, we recall 
some related results. Let X C y C Z be three reflective Banach spaces and X y being a 
compact and dense embedding. Define a new Banach space 

G = W ■ V e L 2 (0,T; X), ^ G L 2 (0,T;Z)}, 

dt 



with norm 

"Ml|= / r \\<P(s)\\%ds + [ T \\^\\ 2 z ds. 
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Lemma 3.1 If K is bounded in Q, then K is precompact in L 2 (0,T;y). 

Proposition 3.8 (Tightness) Let a G [1/2, 1)U(1, +00) ande € (0,1/2). Assume that the 
initial datum U £ (0) is a J-q -measurable random variable in L 2 (Q, %). Then for a given positive T , 
the solution u £ {t) and 5 £ (t) of the system i TO) is tight in L 2 (0, T; L 2 (D)) and L 2 (0, T; L 2 {dD)), 



Proof. First, for the solution u £ of the system (fLT|) , let X = ^(D) and y = Z = L 2 (D). 
Then from Remark 3.3 and the Chebyshev inequality, for any p > 0, there exists a bounded ball 
of radius p centered at zero, K p C G, such that ¥{u £ £ K p } > 1 — p. By Lemma 3.1, K p is 
precompact in L 2 (0,T;y). Then the solution u 6 is tight in L 2 (0, T; L 2 (D)). 

Similarly, for 5 £ , let X = y = Z = L 2 (dD). Using the same process of n e , we see that 5 s is 
tight in L 2 (0,T;L 2 (dD)). U 

4 Approximating equation 

In this section, we use a splitting method [33] to derive the approximating equation of the 
system (jl.ip for e sufficiently small, in the sense of probability distribution. We consider the 
solutions of the system (jl.ip in the weak sense. The main result is as follows. 

Theorem 4.1 (Approximating equation) For the system let the initial datum 

{uo,ui,5o,5\) T be a J-Q-measurable random variable in L 2 (f2,%). Let T be a given positive 
number. Then we have the following conclusions: 

(i) If a € [1/2, 1), then for sufficiently small e, 



where u £ and 5 are the solutions of the following stochastic parabolic equation with a dynamical 
boundary condition 



respectively. 



u 6 -u e \\ L 2^ T . L 2 (D)) = 0(e a ), 

<$ e - <5 e ||L2(0,T;L2(9D)) = 0{e a ) 



(4.1) 



u\ — Au £ + u £ — sin u £ = e' 



W 



in D 



< 



k ^(0) = u ,5 £ (0) = 6 . 




on dD, 
on dD, 



(4.2) 



(ii) If a € (l,+oo), then for sufficiently small e, 



u £ -^ £ ||l2(o,t ; l2(d)) = O(e), 

S e ~S \\ L 2(0,T;L 2 (dD)) = 0(e) 



(4.3) 
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where u e and 5 are the solutions of the following deterministic wave equation with a dynamical 
boundary condition 



eu\ t + u\ — Au £ + u £ — sin u 6 = 0, 
{ u £ (0) =u ,u £ t (0) = ni ,T(0) = S Xt(0) = ft. 



in D, 
on dD, 
on dD, 



(4.4) 



Remark 4.1 By the method of Chueshov and Schmalfuss JSHJ^; we can show that Equation 
is well-posed. In addition, Equation j4-4\ ) * s a ^ so well-posed (see 1 15)1 ). 

In the following, we will prove Theorem 4.1. We state some preliminary results. 

For the system (|2.ip . we give the decomposition as follows. Firstly, 

u e = uf + vf +v§, (4.5) 



where 



and 



Secondly, 



where 



and 



-dt = —e v n m D > 
«f(0)=« , 



^ = _I IJ | + lA^-In e + isin^, in D, 
v £ 2 (0) = 0, 



dt 

«§(0) = 



iuS + e^Wi, in D, 



77£ , t;£ , t;£ 



(4.6) 
(4.7) 

(4.8) 



+ #2 + 03, (4-9) 



J |r = ~¥l on 5 A (4.10) 

£ = + on dD, (in) 

2 (O) = 0, 



f = - 1 A + e a ~ 1 W 2 , on (412) 

£(o) = 0. 



Proposition 4.1 Let a € [1/2, 1) U (l,+oo) and e 6 (0, 1/2). Assume that the initial data 
vq and 6q are J^q -measurable random variables in L 2 (Q, L 2 (D)) and L 2 (Q, L 2 (dD)), respectively. 
Then we have that 
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(i) For Equation j^.6]j and Equation ft4-10\) 



v\(t) = v e~ 



?i(t) = e e 



Vt > 0. 



(4.13) 



(^ij For Equation ft4- 7| ) and Equation ft4-.ll ), there is a positive constant C independent of 
the parameter e such that 



n%{t)\\ H -^D) < c, n\oi(t)\\ H - 1/HdD) <c, v t > o. 



(4.14) 



(Hi) For Equation ft4-&fy and Equation ft4-12 ), 

n%(t)\\h(D) = -I /o E||^( S )Hi 2(D) d S + e^-^rQx • t, V i > 0, 
E||03(*)lli2 (D) =-|/o E||r 3 ( S )|| 2 i2(aZ)) d s + e 2a ~ 2 TrQ 2 -t, V i > 0. 



(4.15) 



Proof. For Equation (j4.6|) and Equation ()4.10p , we can directly solve them to obtain (|4.13p . 
And for Equation (|4.8p and Equation (|4.12p . applying the Ito formula, we immediately obtain 

(Hsu. 

Now we prove ()4.14p . 
Noticing that 

E p|(t) Lff-i(D) = sup ,, ,,, 1 , 

E ll^2(i)ll//-i/2(9D) = SUP \U\\ ... » 



we only need to prove 



and 



E|(^ 2 » L2(D) | <C||^|| H i(D), V^ff 1 ^. (4.16) 



E|(^,^} i2 ( S D)| < C||^|| H i /a(D)) VVG^ 172 ^). (4.17) 
Firstly, for arbitrary 6 H 1 (D), it follows from (|4.7p that 

4(v2,<^)l2(o) = 0)l2(£,) + -(Au E » i2(D) - -(u £ ,(/>) i2(D) + -(sinu e ,^) i2{jD) , 

which implies, from Remark 3.3, that 

E(%, <j>) LHD) = \e-$ /„' et [-E( V n £ , V<i>)v(D) + E(§£, 0) L2(9D) - E(u £ , «/>> L2(D) 
+E(sin u £ , <fi)L 2 (D)]ds 

^ 7 e ~" Jo e "[ E H Vu e \\ L 2 {D) ■ \\(f>\\ H ^(D) +mO e h*(dD) ■ HWh^d) 
+E||n e || L2(D) • \\<t>\\m(D) + E l|sinn e || L2(D) • ||0|| H i (D) ]ds 

^ l e '~ E Io e ' ds ■ c \\4>\\m(D) 
= [l-e-^]-C\\<P\\ m{D) 
< CU\\ H t {D) . 
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which arrives at (|4.16|) . 

Secondly, for arbitrary ip G H l l 2 (dD), it follows from (|4.1ip that 

which implies, from the trace inequality, Remark 3.3 and Proposition 3.7, that 

E(6 E 2 , ip) L 2( 9D) = \e~~ J * et [-E{5 6 , *p) L 2 {dD) + E{v £ , ip) L 2 {aD) }ds 

^ Io e Hm^ £ \\h {dD) • Wi>\\m/HdD) + c Timv £ \\m(D) • U\\m/HdD)} ds 

^ l e ~^ ft) e ~ Eds - c U\\m/2(dD) 
= [1 - e~«] • C||^|| H i/2 (SD) 

< C||V||^l/2 (9D) . 

which leads to (|4TT7) . ■ 

Lemma 4.1 (Prohorov Theorem)^] Assume that Ai is a separable Banach space. The 
set of probability measures {£(X n )} n on (Ai,B(Ai)) is relatively compact if and only if {X n } 
is tight. 

Lemma 4.2 (Skorohod Theorem) El For an arbitrary sequence of probability measures 
{p n } on weakly converges to probability measures p, there exists a probability space 

J-, P) and random variables, X, X\, X 2 , ■ ■ ■ , X n , ■ ■ ■ such that X n distributes as p n and X 
distributes as p, and lim X n = X , P-a.s. 



Proof of Theorem 4.1 

From Proposition 3.8, for t G [0, T], the solution u e (t) and 5 £ (t) of the system (jl.ip . are tight 
in L 2 (0, T; L 2 (D)) and L 2 (0, T; L 2 (dD)), respectively. Therefore, for arbitrary p > 0, there exist 
two bounded balls of radius p centered at zero, K p C H 1 (D) and B p C L 2 (dD), which are 
compact in L 2 (D) and L 2 (dD), such that 

F{u £ G K p } > 1 - p, and F{6 £ G B p } > 1 - p. 

According to Lemma 4.1 and Lemma 4.2, we know that for every sequence {sjY~^ with Ej — > 
as j — > oo, there exists a subsequence }fc=i°> random variables C L 2 (0, T; L 2 (D)) 

and 5* 6 ^ C L 2 (0, T; L 2 (dD)), and G L 2 (0,T; L 2 {D)) and 5* G L 2 (0,T; L 2 {dD)) defined on 
a new probability space ($7*, J 7 *, P*), such that for almost all u G 
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and 
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u 




u*, in L 2 (0,T;L 2 (D)) as k oo, 
5*, in L 2 (0,T;L 2 (dD)) as fc oo. 



In the meantime, u* £j 'W and 5* £ j( fe ) solve the system (jl.ip with Wi and W2 being replaced by the 
Wiener processes W£ and W%, defined on the probability space (Q* , F* ,P*) but with the same 
distributions as W\ and W2, respectively. In the following, we will derive the approximating 
equation for u* and 8* and present the error estimates between the approximating equation and 
the original system (jl.ip as in Theorem 4.1. 

Now, for the above p, it follows from (|4.14p and the Chebyshev inequality that there exists 
a positive constant C p independent of the parameter e such that 



n p = {uj G J) : u £ (uj) G K p , 5 £ {u) G B p , ||tJ|(w)||^-i(u) < C p , \\0 2 (u})\\ H -i/^ dD) < C p }, 

T p = {Ff]n p :F€T}, 



Then (Q p , T p ,P p ) is a new probability space, whose expectation operator is denoted by E p . We 
will work in the probability space (£l p ,J- p ,F p ) in stead of (fi, F, P). For simplicity, we will omit 
the subscript p unless we specifically stated otherwise. 

The system (j'i.ip . combining with (|4.5p and (|4.9p . can be rewritten as follows 



P{||*!llff-i(D) <C p }>1- /3 , and HWlWH-^idD) <C p }>l-p. 



Define 



and 



Vp(F) 



p(n„) 



for F G Jp. 




uf = 77 e = v\ + Vf + u 3) U £ (0) = Uq 

5 £ t =8 £ = 9 £ l+ e e 2 + e £ 3 , 5 £ (0) = 5 , 



in D, 
on <9D 
on dD 



whose weak sense formulation is 



(u £ {t),<p(t)) L 2 {D) + (5 £ {t),ip{t)) L 2 {dD) 

(u £ (0), <f(0)) L 2 (D) + f*(u £ {s),(p s {s)) L2{D) ds 
+ (S £ (0), <p(0)) L *(dD) + Jo^ £ ( s )> t Ps(s)) L 2(dD)ds 

+ Jj (^t( s )> v{s))tf{D)ds + Jj (*§0), ^{s)) L 2 (D) ds + Jj («!(*), ip(s)) L 2 (D) ds 
+ Ji(0i(«)j ¥>0)}z 2 (M>)ds + /„* v?(s)) L2(9D) ds + / *(6»3(s), (p(s))&( gD) ds 



(4.18) 



for every ^ e Co°([0, +00) x D). 



We consider the case of a G [1/2, 1). 
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From (|4TT5|) . it follows that for every ip E C£°([0, +00) x D), 



= e / "( Wo ^(^)) i2{D) e-^r (4-19) 
= 0(e), 



for sufficiently small e. 

In addition, it follows from (|4.7p that 



fo(l!?><P)i?(D)da = -±f*{v £ 2 ,p) L 2 (D) ds + ±f*{Au £ ,ip) L 2 {D) ds „ 2Q . 
~e Jo ( P)^(D)ds + ~ J (sinu e , (p) L 2 {D) ds. 



Meanwhile, noticing that u|(0) = and that 



dv £ f 

(~d~S ' ^ L ' 2 ( D ) dS = Pi^L^D) - (^I(O), V(0)) L 2 (D) - y (WfO), (/9 s (s)) L 2 (D) ds, 

we infer from (|4.20p that 



-e 



<«!(*) 1 v(*))i 2 (o) + e Jo ( u l( s )> <Ps(s))tf{ D) ds (4.21) 



+ Jo ( An£ ' <P)L2(D)ds - f Q (u £ , ip) L 2 (D) ds + J (sin?/, ip) L 2 {D) ds, 
which implies from (|4.14p that 
fo{vhtp)L2(D)ds 

= 0(e) + 0(e) + f (Au e ,ip) L 2^ds - f*(u £ ,(p) L *(D)ds + f*(smu E , ip) L 2 {D) ds, 
for sufficiently small e. 

Also, it follows from (fl~8l) that 



(4.22) 



* dv £ 1 

(-^-,<p) L *(D)ds = -- I (v £ 3 ,ip) L 2 {D) ds + e a - 1 I ((Wi(s)^) t 2 (D) . (4.23) 



Noticing that f|(0) = and that 

(-r,<p)L2(D)ds = (vl(t),(p(t)) L 2 (D) - (U|(0),c^(0)) L 2 (D) - / (v £ 3 (s),ip s (s)) L 2 (D) ds, 
as Jo 

we deduce from (|4.23p that 

So <«3. w)L->{D)ds = -e{v £ 3 (t), (p{t)) L 2 {D) ds + e J *(v|(s), ^(s^^ds 
+£ Q / t (dWl( S )^) i 2 (D) . 

Combining with (|4.15p and a G [1/2, 1)U (1, +00), and using the Gronwall inequality, we further 
obtain that 

n%(t)\\ L 2 {D) <TrQ 1 , Vi>0, (4.25) 
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which immediately implies from (|4.24|) and a G [1/2, 1) that, 

fim,<p)vHD)ds = 0(e) + 0(e)+e a J*{dW 1 (s),<p) L 2 {D) , (4.26) 

for sufficiently small e. 

Similarly, for every (p G Cg°([0, +oo) x D) and for sufficiently small e, 

f t (9 £ 1 , l p} L 2 {dD) d S = 0(e), (4.27) 
Jo 

Io(%, l p)L^dD)ds = -e(e £ 2 (t),<f(t)) L 2 {dD) + e f*(6 £ 2 (s),<f s (s)) L 2 {dD) ds 
~ Io( SS ' t P)^(dD)ds + J \v £ , ip) L 2 {dD) ds, 

which implies from (|4.14p that 

JoiOl, <P)i?{dD)ds = 0(e) + 0(e) 



(4.28) 



(4.29) 



and 



fo{03,<P)LZ(dD)ds = -e(6 3 (t),ip(t)) L 2 {dD) ds + e f (e 3 (s),ip s (s)) L 2 (dD) ds 
+ e ° Io(dW 2 (s),ip} L 2 idD) , 



(4.30) 



which leads to 

fM,<P)&(aD)ds = 0(e)+0(e)+e a f*(dW 2 (s),ip) L 2 {dD) . (4.31) 

Thus, by the Gronwall inequality, (|4.15|) and the condition a G [1/2,1) U (l,+oo), we have 
n\e £ 3 (t)\\LHdD) < TrQ 2 for t G [0,+oo). 

Therefore, substituting (ITO]) . (|4T22l) . IjOty . (I4T27D . (|4T29"1) and (OT|) into gUD, for every 
if G Cg°([0, +oo) x D), we conclude that for sufficiently small s, 

(u e (t),ip(t)) L 2 {D) + (5 £ (t),(f(t)) L 2 {dD) 

= (u e (0),(p(0)) L 2 {D) + f*(u £ (s),Lp s (s)) L 2 iD) ds 

+(<^(0), <p(Q))i?(dD) + /o^ £ ('S),^(s))l2(9d)^ , 4 32 , 

+ Io( Au ^ { f)L2(D)ds - f*{u £ , ip) L 2 {D) ds + /*(sinti e , tp) L 2 {D) ds 

~ Io( 6£ ^ ( P)L2(dD)ds + f[(v £ , lf) L 2 (dD) ds 

+e a Sl(dW x (s),<p) L 2 {D) + e a f*(dW 2 (s), V ) L 2 (dD) + 0(e). 

Projecting ()4.32p onto L 2 (D) and L 2 (dD), respectively, we derive that for sufficiently small e, 
as a G [1/2, 1), the approximating equation for u £ is 

u\ = Au £ — u £ + sinu e + e a W\, u £ (0) = uq, in D, 
6 £ t = -T + u £ t + e a W 2 , T(0) = S , on 3D, (4-33) 

T t = £, on 3D. 
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Then it follows from (|4.32p and (|4.33|) that the result under the condition [1/2, 1) holds. 
It remains to consider the case of a G (1, +oo). 
It follows from (ETTBD . (j4T2T|) and (EQ81 that 

{ U e (t),ip(t)) L 2 (D) + {5 £ {t)^{t)) L 2 {dD) 

= (u £ (0),(p(0)) L 2 (D) + f*(u £ (s),<p s (s)) L 2 iD) ds 
+(5 £ (0), <p(Q))u^ dD ) + f*(5 £ (s),(p s (s)) L 2 idD) ds 
+ Io{v_i(s)^{s)) L 2 {D) ds + Jj(v| (s), (p{s)) L 2 {D) ds 

+ Jo(^i( s )> <f(s))L2(dD)ds + fo(O e 3 {s), <f(s)) L 2 {dD) ds (4.34) 

-e(v £ 2 (t), f(t)) L 2 {D) + e Jq(v £ 2 (s), (f s (s)) L 2 {D) ds 

+ lii Au£ » L2(D)ds - !l{u e ,y) L 2( D )ds + J *(sin u £ ,ip) L 2 {D) ds 

-e{6l{t),ip{t)) L 2 {dD) + e J^{e e 2 {s),ip s {s)) L 2 {dD) ds 

~ Sl($ E iV)L*{dD)ds + Jq (v £ , f) L 2 (dD) ds. 

From (14. 5j) and (I4.9p . we have 



% 7T£ 7T£ 



(4.35) 



(4.36) 



(7 2 — V — U 1 — U 3 . 

Then, from (|4.34p and 14.35"]) . we infer that 

(u £ {t),(p(t)) L 2 (D) - (u £ (0),v?(0)) L 2 (D) - J^(u £ {s),(p s {s)) L 2 {D) ds 
+(S £ (t),ip(t)) L 2 {dD) - (S £ (0),(f(0)) L 2 (dD) - f*(5 £ {s),(p s {s)) L 2 {dD) ds 
~ fo( Au£ , ¥)tf{D)ds + /*(u e , Lf) L 2 {D) ds - £(smu £ , <f) L 2 {D) ds 
+e(v £ {t), <p(t))&( D ) - e Jq(v £ (s), (f s (s)) L 2 {D) ds 
+ Jo ( P)^(dD)ds - J Q (v £ , ip) L 2 {dD) ds 
+e{9 £ {t), ip(t)) L 2 (dD) - e Jq(0 £ (s), <p s (s)) L 2 (dD) 
= e(vf(t), ¥{t))Li{D) + Jo K( s )> ( P( s ))LHD)ds - £ Jo (wf(s), ^(s)) L 2 (D)( is 
+e(u|(t), (p(t)) L 2( D) + Jj (vf (s), (^(s)) L 2 (D) ds - e /„* (wf(s), v? s (s)) L 2 (D)( is 
+e(0i(t), <p(t)) L 2( 9D) + jf o *(0?(s), <f(s)) L 2 {9D) ds - £ J * (^i(s), ^(s))l2(9D)^ 
+e(#3(*)> V{t))L*(dD) + Jo (^3( s )> v(s))L2(eD)ds - e J? (^OO, </> S (s))z,2 (aD )ds. 

For (USD, we see that for ip £ Cg°([0, +oo) x D), 

/"* cfi; e 1 /"* 

J (~fai^ L2 (D)ds = -- J {v\,ip) L 2 {D) ds. (4.37) 

Noticing that v± (0) = i>o and that 

* dv £ /"' 
(-^-, i f)LHD)ds = (vl(t),(p(t)) L 2 {D) - (vf{0),cp(0)) L 2 {D) - J (vl(s),(p s (s)) L 2 {D) ds, 

we deduce from (|4.37p that 

£(«!(*), <p(t)) L 2( D ) + Jo (^f(s), y(s))L2 (D) ds - e / *(uf (s), <p B {.s)) L 2( D) ds 

= £(v ,(f(0)) L 2 {D) . 

Also, from (|4.24|) . (|4.25|) and a G (1, +oo), we have that for sufficiently small e, 

e (vU t ), <p(t))zt( D ) + Jj (w|( s )> v(s))L2 (D) ds - e Jj(5|(a), ^ s (s)) L 2 (D) ds 
= e« ^(0)^(5) (4-39) 
= G>(e Q ). 
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n 



(4.38) 



e(6' 1 (i), tp(t)) L 2 {9D) + J (O^s), <p(s)) L 2 {dD) ds - e f Q (^(s), (f s (s)) L 2 idD) ds ^ ^ 



e(9 3 (t), ip(t)) L 2 {dD) + J {9 3 (s), <p(s)) L2{dD) ds -ef (0 3 (s), 9J s (s)) L 2 (9D) ds ^ 4 ^ 



Similarly, we derive that 
= e(9 ,(f(0)) L 2 {dD) , 

and 

(%(t) "■ ' , " /77 -' ^ ' ' - 

= O(^), 

for sufficiently small e. 

Substituting (Qgll - dOD into (ET36J) . for every 93 G C£°([0,+oo) x D), we have that for 
sufficiently small e, 

{u E (t),(p(t)) L 2 {D) - (u £ (0),(p(0)) L 2 {D) - jQ(u £ (s),Lf s (s)) L 2 (D) ds 
+ (S £ (t),(p(t)) L 2 idD) - (S £ (0),f(0)) L 2 {dD) - / i (5 E (s),(^ s (s)) L 2 (OD) ds 
- J*q ( Aii E , tp) L 2 (D) ds + f*(u £ , f) L 2 {D) ds - / *(sinu e , (p) L 2 (D) ds 
+e(v £ {t)^{t)) L 2 {D) - e Jl(v £ {s),v s {s))mD)ds (4.42) 
+ Io( S ^ t P)^(dD)ds - Jq(v £ , <p) L 2 {dD) ds 
+e{9 £ (t), y{t)) L 2 {aD) - e Jq(9 £ (s), ^ s {s)) L 2 {dD) 
= e(vo, <f(0)) L 2 (D) + e{9 , ^(0)) L 2 {dD) + 0(e a ). 

Projecting (|4.42|) onto L 2 (D) and L 2 (dD), respectively, we obtain that for sufficiently small e 
and for a € (1, +00), the approximating equation of u £ is 



eu £ tt + u\ — Au £ + u £ — sin u £ = 0, in D, 

£ ^tt + S £ t +T = —v%, on dD, 

t £ d4 on 4.43 

h = %, _ _ on 3D, 

{ u £ (0) = n ,nf(0) = Ul ,5 e (0) = 5 Q ,5 £ t (0) = ft. 

Therefore, it follows from (|4.42p and (j4.43p that the result under the condition (1, +00) holds. 
This completes the proof of Theorem 4.1. ■ 
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